It is shown that there exist many amenable locally compact groups for which the sets of functions with unique left invariant mean values are not closed under addition. This resolves negatively a problem raised by T. Miao.
for each m e LIM(Sy). (For an admissible subspace S of L°°(G), UM(S)
stands for the set of left invariant means on S, i.e., all m e S* with m > 0, m(l) = 1, and m(xf) = m(f) (x e G, f e S).) The set of functions with a unique left invariant mean value is denoted by U(G). Note that U(G) is always closed under scalar multiplication. Recall also that if G is amenable as a discrete group, then 17(G) coincides with the sum of the constants and the norm closed linear span of {/ -xf: f e L°°(G), x e G} (see [6, Recall that a compact group G is said to have the mean zero weak containment property if there exists a net {ga} in such that \\ga\\2 = 1 for all a and limQ lUga-galb = 0 for all x e G (see [5] ). The negative answer to Miao's problem is a direct consequence of the following result.
Theorem. Let G be an infinite compact group and suppose that 17(G) is closed under addition. Then G has the mean zero weak containment property. Proof. Assume, by way of contradiction, that G does not have the mean zero weak containment property. We denote by C and H the constant functions on G and the linear span of {/' -xf: f e L°°(G), x e G} , respectively. Let us first show that H + C is included in 17(G). Obviously, C is contained in U(G). Let h be in {/ -xf: f e L°°(G), x e G} . Since X induces a left It is well known that if an infinite compact group G is amenable as a discrete group, then G has the mean zero weak containment property (cf. [4, Theorem 1.3 and Lemma 3.1]). Some examples of compact groups which do not have the mean zero weak containment property can be found in [1, 2, 5, 7] . For example, SO(«) (the special orthogonal group) does not have the mean zero weak containment property for n > 3. Therefore our Theorem implies that the set of functions on SO(n) (n > 3) with a unique left invariant mean value is not closed under addition. This resolves Miao's problem [3, p. 1083] negatively.
As a consequence of our Theorem we have the following. This gives a number of examples which show that the answer to Miao's problem is negative.
Proposition. Let Gx be an infinite compact group that does not have the mean zero weak containment property and let G2 be an amenable locally compact group. Then GxxG2 is an amenable locally compact group for which U(GxxG2) is not closed under addition. Proof. Let us find two functions in U(GX x G2) whose sum does not have a unique left invariant mean value. Since, by the Theorem, f7(Gi) is not closed under addition, there exist h and k in U(GX) suchthat h + k is not contained in U(GX). Now define functions / and g in L°°(GX x G2) by 
